An Example of Simple Harmonic Motion

A spring that stretches in proportion to an applied force is obeying Hooke's L aw.

Hooke'sLaw: If amassmis attached to a spring and the massis free to move on
a horizontal, frictionless surface then the spring exerts a force on the mass given by
F =- kx when the massisdisplaced a“small” distance x from its equilibrium (resting)
position.

F iscalled alinear restoring force sinceit is linearly proportional to the
displacement and is aways directed toward the equilibrium position. (It “tries’ to restore
the equilibrium position.)

By Newton's 2™ Law of Motion*, F =ma = - kx where ais the acceleration.
Therefore, a=- K X (so acceleration is proportiona to the displacement from
m

equilibrium and is in the opposite direction).

Suppose the mass is displaced a (maximum) distance of A units from equilibrium
and then released, so itsinitial accelerationis a = - k—A. It will travel through the
m

equilibrium position (x = 0) until it reaches a position of - A units from equilibrium, at
which time its acceleration will be a = - kCA = KA (at which instant its velocity will
m m

be zero). In onefull cycle of motion it will travel 4A units and the motion will repest.

Now, since acceleration is the second derivative of the position function, we have
that a spring obeying Hooke' s Law must satisfy the differential equation:
2
dx =ix=-v ’x where w? _K
dt>  m m
Soon into your first course in Differential Equations at university you will learn
how to solve such equations and be able to obtain the general solution for yourself:

X = X(t) = ¢, sin(wt) +c, coswt)  (*)

k . .
where ¢; and ¢, are constants and w? = — . Furthermore, it can be verified (see problem
m

#2) that M cos(wt +d) isan equivalent form of (*) wherev isasbeforeand d isa
constant that can be determined by theinitial conditions. If we want the initiad velocity
to be zero and the initial position to be A then M cos(wO+d) = M cos(d) = Aand this

! The acceleration of an object is directly proportional to the resultant force acting on it

and inversely proportional to themass. i.e. a= F or F=ma.
m



will be satisfied if wetaked =0and M = A. That is, we can represent the motion by the
equation x = Acos(wt) .

An object that obeys such an equation is said to be in Simple Harmonic Motion.
2
w

The period of the motion iseasily seento be T = — seconds per cycle and the frequency

isthen f = 1w cycles per second.

T 2

Problems

2

1) Show that x = x(t) = ¢, Sin(wt) + ¢, cos(wt) isasolution to % =-w?x by direct

substitution.

2) Show that M cos(wt +d) can be put into the form c, sin(wt) + ¢, cos(wt) with the
proper choice of constants.

3) Show that for abody obeying x(t) =M cos(wt +d) , the acceleration is directly
proportional to the displacement from equilibrium. That is, show by direct
substitution that x(t) = M cos(wt +d) satisfies the differential equation of Hooke's
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4) Show that abody obeying x(t) = M cos(wt +d) is at its maximum speed if and only
if its acceleration is zero. At what positionsisit when its acceleration is at a
maximum?

5) Suppose a spring obeying Hooke' s Law has its motion described by

X=X() = écos(St) :
a) Show that the motion obeys the differential equation in (1) by direct
2

substitution. Note: by showing that % =-w’x you are in fact showing that

the motion isin fact simple harmonic motion.

b) Determine the times when the displacement from equilibriumisat a
maximum and the times when the speed is maximum.

c) Interpret your results from (b) in “everyday” terms using your intuition about
amass oscillating in this manner.



Example: Suppose that the motion of a particle satisfies the following:
st) =- 4p2s(t), s(0) =1 v(0) =2p~/3. Find the period, frequency and amplitude of the
motion and its position, velocity and acceleration when t =1.

Solution: Since sft) = - 4p *s(t) we have that the acceleration is

proportional to the position and so the particle isin simple harmonic motion. Therefore, it
followsthat s(t)=c,sin(v t)+c,cos(v t) and since s(t) =-v ?s(t) it follows that

-4p*=-v?sov =2p.
Therefore, s(t) =c,sin(2pt) +c,cos(2pt). Since s(0) =1 we get

1=c,»0+c, 4 sothatc, =1 and we can now write s(t) =c,sin(2pt) +cos(2pt).

Now, v(t) =sq(t) =2pc,cos(2pt)- 2p sin(2pt) and we now use the fact that
v(0) =2p+/3 toget 2nc, +0=2p+/3sothat ¢, =+/3.

We can therefore write that |s(t) =+/3sin(2pt) +cos(2pt) |. This is enough to give
us the period and frequency but not the amplitude.

X(t) =M cos(wt +d) =M [cosv tcosd - sinv tsind]
Recall: =M cosd >cosv +(- M sind)sinv t
:clsinvt+czcosvt=\@sin2pt+coszpt

So, it must be that - M sind =+/3 or sind :-IVI£ and cosd =%. It follows that

3 1 4

sin’d +cos’d =1=——+—=—— sothat M*=4and M =+2. It follows from this
M M M

that the amplitude of the motion is 2 and this corresponds to the maximum displacement

of the particle from equilibrium. The period is T =— =— =1 and the frequency is
_1_
T
Attime t =1 the position is s(1) =1, the velocity is s{1) =23 and the
acceleration is st(0) =- 4p?d=-4p>.

f 1.

6) A particleismoving along astraight line and its position at time t is given by

.0 .0 .
s(t) =sing—=t=z+cosgc—t = tl [0,4).
(t) 2 g &2 5
(a) Find the times at which the particle changes direction.
(b) Show that the particle is in simple harmonic motion.

(c) Find the amplitude of the motion.



