Geometric Series and Annuities

Definition: A geometric seriesis a sum of the forma+ar +ar®+ar®+.--+ar"™
wherea andr are fixed constants. The constam called theconstant ratio and is the
ration of any two successive terms.

Let S, =a+ar+ar’+ar’+..-+ar"". Then multiplyingS, by r we obtain
rS,=ar+ar’+ar’+...+ar" ' +ar". If we then subtract we obtain:

S,-rS, =a-ar"
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Example 1. To determine the value ME+Z+§+'“+1_28 you must first

recognize it as a geometric series of 8 termsétp see the number of terms you can

write the series in the form+2—11 +i +i + --~+2—17) with first term 1 and common
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ration of r = %. It follows that its value is§; = = = :
1- ; ; 256 128

This can be checked by direct calculation.

Definition: ~ An annuity is a series of equal payments made at the enelsuail
intervals of regular time periods for a fixed numbeéperiods. The intervals are of length
equal to the available compounding period.

Example 2. Suppose your bank is offering an accthattpays 5% per annum
compounded quarterly (4 times/year) and you dettidkeposit $100 at the end of each
period for 3 years (for a total of 12 payments)u¥dall make your first deposit on
December 3%, 2002. How much money will you have at the enthef3® year (i.e. at
the end of the 1 period)? (Note: banks calculate the interest peréod based on the
smallest amount present during the entire period. Therefore, make first deposit of
$100 on December 31 so that it is present in thewrd for January 1 — the beginning of
the first period.)

Solution. The final amount of the annuity (called Buture Value of the
annuity will be the sum of the Future Values oftedeposit. Your first deposit of $100
will be in the account fod[(B= 12 full periods and hence will have a future value of

100( 1+i)12 wherei =%5 is the interest for one period. Your second depeadli be in



the account for 11 periods and its future valué Ive'llOO( 1+i)11. Your third deposit will
be in the account for 10 periods and its futurei@alill be 100( 1+i)1° etcetera... Your

last deposit will be in the account for 1 period s future value will bel00( 1+i)l. It

follows that the final amount of the annuity wik bhe sum of all these future values:
FV.=100( +i)+ 104 i) + 100 %i)’+---+ 1q0+4i)"

The F.V. (future value) is clearlygeometric series with a=100( 1+ i), common ratio

r =1+i and number of terms =12 and so we can use the formula for the sum of

a(l—r”) _

terms of a geometric serie = 1
-r

100(2+1)| +-(2+i)” |
T 1-(1+)

FV. =~ $1302.1:

Example 3. Find theresent value of an annuity that will pay $100 each
quarter for 12 payments (i.e. for 3 years). Assam@terest rate of 5% compounding
quarterly. This is, determine how much money yowsihimvest now at 5% compounding
quarterly to produce an annuity that will pay $1003 years (at the end of which there
will be no money in the account).

Solution. What you must do, in effect, is deterntime present value of each
$100 payment. The present value of the annuitythéh be the total of the individual
present values. Recall, the present value of $Beigrincipal $P that must be invested
today to produce the $B at the end of the investraed is obtained by solving

nt -nt
B= P(1+Lj for P to obtainPV = B(1+Lj . Now, nt is the total number of periods
n n

of the annuity anJ— is the interest rateper period. So, if the total number of periods is,
n

say,k, then the formula becomd?V = B(1+i)_k.
The present value of the first $100 paymerttd8( 1+i)
The present value of the second $100 paymemﬁ)élﬂ)_2
The present value of the third $100 paymeriti§( 1+i) and so on until

The present value of the last $100 paymed0( 1+i) ™. It follows that the
total of all these individual present values is pnesent value of the annuity:



PV =100(1+i)™ + 10q #i)” + 100 2i) >+ + 100-4i) ™"
:100(1—}%} 10({1T1J2 ¥ 10é1T1ij3 - 10%)12
:100(1;){1_(1;) }

(1)
1+i

=$1,107.93

(where | have use'd:o'T05 , common ratior = (1+i)” :1—Jlr_ andn=12.
i

Significance: to produce a payment of $100 evemyoBths for three years you
could deposit $1,107.93 today in an account pa§gand compounding quarterly.
After the last $100 payment the account will h&l@.

Notice, the value of this annuity to a recipienadjusted by interest rate is simply
$100112= $1,20 and so we have the relationship:

| present value < actual value< future value|




