I nver ses of Elementary M atrices

Recall that alementary matrix E is any matrix produced from an identity
matrix by asingle E.R.O. Further, multiplying another matéxby E on the left has the
effect of performing the E.R.O. ghthat was used onto produce E.

Now, it should be clear that every E.R.O. can benged, oundone, by another
E.R.O. The elementary matrix that is formed by ddime “undoing” E.R.O. ohwill be
the inverse of the original elementary matrix. Seetable below.

E.R.O. that produces E Undoing E.R.O. (and produces E™)
kRi+Rj—>Rj —kRi+Rj—>Rj

kR - R 1

R-R <R -~ R

R - Rj R - Ri

Suppose A is a matrix that can be reduced tohneet E.R.O.’s. LeE,, E, and
E, be the three elementary matrices that performedirst, second and third of the

E.R.O.’s. (If you can't remember how to do thanthefer to the big example in the
Elementary Matrices and Finding A Inverse notes on this website.)

It follows that E,E,E,A=1 . If we multiply both sides of this equation &, "
(from the left) we geE, 'E.E,E,A=E,'| sothatE,E,A=E," (sinceE,'E,=1).
Now multiply both sides by, ™ and obtainE, A= E, "E, . Finally, multiply both sides
by E,” and obtain at last tha&=E, 'E,"E,™. SinceE, ", E, " andE, ™ are all

elementary matrices, we have written A as a prodiietementary matrices. This

example, using three elementary matrices, can ity egneralized to the following
theorem.

Theorem: If Ais invertible then A can be written as a product of elementary matrices.

1 0 2
Big Example. Write A=| 0 0 1| as a product of elementary matrices.
0 -3 0

Solution: We first reduce A to | by E.R.O.’s , keeping traxfkhe E.R.O.’s.

1 -2 0 102 100 100
0 0 -1/3]-1/3R, - R0 0 1|-2R,+R - R|0 0 1|R, = R0 1 0
01 0 01 0 010 001




The E.R.O. that undoes the first E.R.O-i8R, - R, and the elementary matrix that
10 O

corresponds to thisiE, " =|0 1 0 |. To undo the second E.R.O. we do
0 0 -3

1
2R, +R, — R, and the elementary matrix that corresponds toishis, ™ =| 0
0
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The last E.R.OR, ~ R;, is undone by simply repeating it and the E.R@t t

1 00
corresponds to this iE,*=|{0 0 1|.
010
Now, using the fact that iE,E,E,A=1 then A=E,'E,"E,™ we get that
1 0 2 1 0 O 1 2 1 0
A=|0 0 1|=/0 1 O|po0 1 0 0 1and we have writteA as the
0 -3 0 0O 0-3(0 O 01

product of three elementary matrices. You shouktkHor yourself that the product
actually does result in the mate



