The Normal Distribution Curve is a P.D.F.

Gamma Function/Distribution

1
Let f(y)= Ikyae for y>0
T 0 for yEO

wherea> 0, 4> 0. For f to beavalid p.df. it

¥

must be that O)f (y)dy =1.
0

Fact:

Let | = ()¢ ‘e *dx and use Integration by Parts with:

¥
=} kc‘)ya'le%dyzl. Now, let xz% , bdx = dy so that the equation becomes
0

¥
kcfbx)* e *bdx =1
0
. ¥
kb () 'e*dx=1
0
kb®G(a) =1 where G(a) = ()<* 'e *dx = the Gamma Function for 4> 0.
0

Now, if wesetk = Wl) we get the p.d.f. of the Gamma Distribution:
a

11 a-1.-%
e for y>0
f(y)=tb°ca)’ y=9,
{ 0 for y£0

A@) = (a-1DA@E-1) fora>1.

¥ ¥
Proof: Ga) = ()¢ 'e*dy = lim OF e dx
0 0

u=x"t dv =€ *dx 0
du=(@-Dx%dx v=-€”

obtain | =-x*""e* +(a - ) )¢ *e *dx and o



G(a)zr[j®rg(- X te X

¥
:)+(a - 1)?(3'2e'xdx"

=0+(@-)Ga-Hh=(@a-1nGa-1 Q.E.D.

Now, if 4= 1 we get G(1) = ¢g'*dy =1 (Check!!)
0

so that A(1) = 1. It follows with the result before that if nisaNatural number then:

AN = (-DA(nN-1)
= (n-1)(n-2A(n-2)
= (n-1)(n-2)(n-3)A(n-3)

and eventually you arrive at:

AN = (n=D(n=2)(n=3).. QA = (n—1)!

Thatis. A(n) = (n—1)!, or, if you prefer, n! = A(n + 1).

If nT N then G(n) =(n- 1)
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Consider the integral 2*2 c‘)zza'le_EZ dz for a >0 and use the substitution
0

z? = 2x , zdz = dx to obtain:

¥ —éz2 ¥ —éz2 ¥ a-1 —éz2
2" g le2 dz =2" ) %e 2 zdz=2“‘©(zz) e? zdz
0
a o a-1 'EZX Lama-1 3 La-1.-x
=2 Q(Zx) e? dx=2"°2 Qx € dx

¥
= Qxa'le'xdsz(a)
¥ 1

So, 2"* ¢ 'e? dz =Ga)

0

I mmediate consequence of the above is that
1 1 1.,

1-- ¥ 221
GI2)=2"28 27 e
1.

Xy -
Therefore, (G(1/2)) = 2§Q e 2

1,

2" dz:ﬁ(je_zz dz (*)

2

b4 O ¥ —lx2 ¥ —Ey
dzz =29e2 dXQe2 dy
1]

) M@r@ (- x g :) = 0 after “sufficient” applications of L’ Hospital’s Rule.



¥ ¥ 1, -1y2 ¥ ¥ -1(x2+y2)
=20(p? e dxdy=20cp? dxdy
0 0 0 0
Change to polar coordinates by using x =r cosq, y =r sngq, dxdy = rdrdg to obtain
p/2 ¥ —Erz p/2
=20 ge? ddg=2cpg=p
g=0 r=0 q=0

Therefore, (G(1/2) = psoG(1/2) =+/p 1!

The P. D. F. of the Normal Distribution

P Q‘N

w2Qe? dz=TpG(1/2) (by (*))

lay-m&

e %° % jsa valid probability density function —the p. d. f. of

1
Therefore, =
erefore, n(y) S\/E

the Normal Distribution.



